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]

TU33ﬁLENT FLOW BETWEEN ROTATING CYLINDERS

By Pai Shih-I
SUMMARY

The turbulent air flow between rotating coaxial cyl-
indersg wes investigated. The distridbutions of mean speed
and of turbulence were measured in the gap between a rotet-
ing ioner and a stationary outer cylinder.

. The meesurements led to the conclusior thet the tur-
bulent flow in the gap cannot be considered two-dimensional
but that a peculiar type of secondery wotion takes vlace.
It is shown that the experiuzentally found velocity distri-
bution can be fully understood under the agsumption thet
this sscondary motion cousists of three-dimensional ring-
shape vortices. Tle vortices occur ocanly in pairs and
their number and size depend on tie spesd of the rotating
cylinder; the number wes found to decremse with increasing
speed. The secondery motion lias an essential part in the
trensmigsion of the moment of momentum. In regions where
the secondary motion isg negilgible, the momentum transfer
follows the lawg known for homologousg turdulence.

Ring-shepe vortices ars known to occur in the laminar

-.flow between rotating cylinders, but it .wag hitherto un~-

known that they exist even at speeds which are several
hundred timee the criticel speed. .

INTRODUCTION

The flow between coaxial rotating cylinders is kunown
as Couette's type of curved flow. Owiug to the importence
of this type of flow as & basic problem in -fluid dynamica,

a number 0f investigations have been carried out. The

exact velocity distribution in the turbulent state, however,
i3 still unknown. The flow wasg investigated by G. I. Teylor
(references 1, 2, 3) as well as by others. . (See, for exam=
ple, refsrence 4.) Taylor meagured the velotity digtridbu-
tion between & rotating inner end a stationary outer cyl-
inder (reference 3). He found the paradoxicel result that
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nundber of revolutions of rotating cylinder
moment per unit length of rotating cylinder
shearing stress

density

kinematic viscosity

mean circumferential velocity

circumferential- and radial-velocity components.
respectively, of secondary flow

ul,v! circumferential and radial components, resvectively,
of turbulent fluctuations

DESCRIPTION OF APPARATUS

The main part of the asparatus consisted of two co-
axial cylinders mounted on a rigid frame made of gteel
angle stock. The inner cylinder was cast of aluminum
alloy, turned true to #0.002 inch and carefully balanced
to eliminate vibration. 1Its outer diameter was 15% inches
and i1ts length was 11 inches. The possibility of circula-
tion from the gap to the inside of the inner cylinder was
eliminated by sealing the inside of the cylinder with
wooden plates and wax.

Two sizes of outer cylinder were used; their inner
diameters were 151g, and 17y inches, making gaps of 17/32
inch and lfk inches, respectiwely. The cylinders were
wooden with l-inch walls. A%t the bottom of the outer cyl-
inder n geries of é/4-1nch holes were drilled around the
circumference. Two wooden rings with a width just slightly
leegs than the gap were attached to the outer cylinder; one
ring was at the top edpe and one just above the bottom
holes. The clearance betwveen the ricgs and the inner cyl-
inder wag sealed by felt.

The inner cylinder was turned by a l/lo-horsepower
synchronoug motor couvled rigidly to its shaft. The speed
of rotation of the cylinder was measured by means of s
10-pole generator attached to the motor shaft. The out-
put of the generator was checked against that of a cali-
brated oscillator by the Lissajou figures formed on 2
cathode-ray oscillogcope.

T 4 A N M o MR L e il A ——. 4t T
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A conventional hot-wire auemometer was ussd for the
measgurement of the mean velocity 2nd the root mean ggusare
of ths fluctuations of the magnitude of ths velocity. The
ratio between the root-msan~gquare of the fluctuation and
the mean velocity multinlied by 100 will be refsrred to ag
the "percentage of turbulence." ¥Xo attempt was made to
determine ths direction of the velocity.

The hot wire was inserted at the central poart of the
outsr cylinder by ths holder shown in figure 1. Tke hot
wlre was soldered across the small geps and the small
spindles could be changed so Ay to meagsure at differsnt
axial poslitions. The spindles were far from the hot wire
and the effect of their wake was thercfore negligidle.
The gpindles were mounted on a block that razsted on &
slide so that the spindlees could travel beck and forth
with the bdlock 2¢ a whole. Tuaeg slide was moved by a
micrometer that indiceted tlie position of tiie hot wire in
the space between the cyliaders.

A geries of static holws, 15 ian number, were drilled
along an element of tihe outer c¢ylinder. Thegs static
holes geve an indication of tne flow pattern in the gap.
Figure 2 ghows the test sotup with the hot~wire holder
inserted in the center of the outer cylinder. The syn-
chronous motor and the specd indicstor are beneath the
cylinder. The multiple stopcock on the stool permitted
any desired static orifice to be connected to a mAnomster.

The front part of the hot~wire holder was made of
hard rubdbber. In order to obtmain a good fit between the
hot-wire holder and the crlinder, a brass glot was made
and set into the wall of the outer eylinder. The insgide
of the outer cylinder, the dbrass sglot, and the hard rubber
holder were turned as A unit and na2inted simultencecously.
The three picces formed & smooth cylindrical surface.

THEORETICAL DISCUSSION

Two different theories have been nrovosed for the
computation of the velocity distridution in ;urbulent flow:

1. According to tue momentum transport theory orig-
inated by L. Prandtl, the shearing stress T 1ig given by
the expresgion,

T:E
r

d
ir (ur).
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vhere Xk denotes the coefficlent of turbulent exchange,
U 1s the circumferential velocity of the fluid, and r
is the distance from the cylinder axis.

In the cese of the flow between & rotating inner and
a stationary outer cylinder, the moment of the ghearing
stresses acting on an arbitrary cylindrical layer in the
fluid is equal to the moment reonired to rotete the ianer
cylinder. The moment referred to unit length being denoted
by &, the egquation takes the form

T7r® = xr & (Ur) = -¢ (1)
dr

It follows that the product Ur should decrease with
increasing r.

2. According to the vorticity-transvnort thieory orig-
inated by G. I. Taylor, the vorticity transport through
:any cylindricel surface is zero. The mathematical expres-
sion for this statement 18

JE.[-l 4 (Ur)] =0 (2)
dr

r dr

This equation is, for exemple, satisfiled if Ur 1s con-
stant. Taylor concluded from his meagurements that Ur
is, in fect, congtant in the central BO percent of the
gap. As mentioned before, this conclusion was drawn from
a gpeclal extrapolation; the investigations vresented ia
thig paper were undertaken mainly to-clarify thig voint.

Preliminary measurements that are described in the
following section of this paper showed that the flow be~
tween the cylinders was not two-dimensional as assumed 1in
equations (1) and (2). The flow could be considered to
conglst of three parts: 1. The two~-dimensiounal mean mo~
tion haviang but one circumferential veloclty comvonent;

2. A secondary motion which sccounts for the deviation
from the two-dimensional casg¢; and 4. Turbulent fluctua-
tiong. General equilibrium conditions applied to this

cage require that the transfer of aniular moumentum through
a cylindrical gurface of radius. r equal the torgue, which
is independent of r. Thus, if the stresses due to vigcos-
ity are neglected, :

1 an
/‘/\rE (U +u+u') (v + v')de dF = constant
0.0
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where U ig the mesn circumferential velocity: u and

v are the circumferential and radial components,; respec~
tively, of the secondary motion (that is, the deviation
from the mean velocity); u'! and v! are the components
of the turbulient fluctuations in circumferential and
radial direction; .1 is the length of the cylinder; and
Y, 0 and z are cylindricel coordinates.

If averages with respect to time and over the length
of the cylinder are mede, it bPeing assumed that the aver-
age values do not depend on 6, it follows from egqumtion
{3) that

r£(uv + W'v’) = constant {4)

since udv vanighes by avermging over the length of the
cylinder, becauge tBe continuity of the flow and the time
averages of u' and v' ~are zero by definition. This
equation shows that ‘the torque 1g transferred from one
cylinder to the other by two different mechenisme: one,
‘secondery motion end, two, turtulent fluctuations. The
relative importance of these aotiong weg to be experimen-
tally determined. It is to be anoted that equation (3) ig
quite general and does not depend on eny essumption ag to
" the mechanigm of the turbulent friction.

PRELIMINARY INVE srreuro'u

At first 1t wag thought that the flow between the
eylinderg would be two—dimensional except. near the ends.
Meagurements were therefore made at the exact center of
the cylinders where the flow would best aoproximate the
two-dimensional type. Two entirely distinct tyoes of flow
were, however, obtained at the game nogition. “depending on
the sterting conditions. The tysicel aets of the velocity
end the distritutions of the turbulence level across the
gap for these two tyves. of flow are shown in figures 3 to 6.
¥For convenience, the type of flow shown in figures & and 5
will be called type A and that shown in figures 4 and 6
will be called typé B, .~ . ) .

The relation of thege two fypes.of_flow.io the start-
ing ‘conditiong was as followg;

If the inner cylinder was started in such a manner
that its speed Ny 1lncreased gradually up to the desired

value and if the hot-wire espindles were close to the inner
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cylinder, type A flow was obtained. OQOnce either type of
flow was establisghed it seemed unaffected ty siight changes
in speed of rotation.

Furthermoro, at high speeds it was found that in the
middle of the run the type A flow might suddenly chenge to
the tyve B flow. Thig change is illustrated in figure 7.
At first the cylinders were started in such a way tkat thec
type A flow was obtalined, and readings were takeu outward.
These readings followed the upper full-line curve 2s shown
in figure 7. At a certain poiut near the outer wall, the
mean speed suddenly drooped along the dotted line and the
velocity distribution then bvecame that shown in the lowver
full-line curve, that is, type B flow. Further traversing
had no effect on the flow pattern. When the 17/32-1inch
gap was used, decreasing the speed of rotation of the in-
ner cylinder to a certain low value restored the type A
flow. Thig phenomenon, however, did not occur for the l;;-
inch gap. .

It was believed-thiat tile presence of the . Lot wire near
the inner or the outer ¢yliander could have an essential in-
fluence on the velocity distritution, for example, by in-
creasing the talickness of the toundary layer. This . possi-
bility was excluded oy introducing a dummy hot wire at var-
ious positions. The nuxt assumntion was that the flow pat-
tern ig three-dimensioral; tho transitions between the two
types of velocity distribution would be caused by changes
or displacements in the flow pattorn. This agsumotion was
confirmed by further experiments. ;

In order to investigate the three-dimensional charac-
ter of the flow in the gap between the cylinders, eveunly
spaced pressure-measuring orifices were inserted on the
outer cylinder along -the axial direction. The readings
at these orifices (fig. 8) ‘showed that the static pressure
was not constant along the axial direction, &s would have
been exvected in the case of two-dimensional flow. but
gshowed systematic variations.:

The end -conditions of the cyliunders were found to
have considerable jufluence on the static-pressurs readings.
In order to eliminate the end effect as far as possible,
the "aspect ratio," that is, the length of the working
.gsection to the width of the ga , .w8g increased from 10 to
20 by reducing the gap from 17z iaches to 17/32 inch. The
seals at the two ends of the gap were also redesigned to
make the end conditions as syumetrical as possible. The
pressure and the velocity distributions obtained with the
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symmetrical seals were gimilar for the two aspect ratios,
and 1t is believed that the end wffecte were negligible at
the place where the measurements were taken.

. Thug, the measurements of the staiic pressure indicate
without doubt the three-dimensional character of the flow.
In order to determine the flow pattern, it became necessary
to measure the velocity distribution in various sections
perpendicular to the axis. These measurements are described

in the next section.

VELOCITY AND TURBULEFCE DISTRIBUTIONS ALONG THE

AXIAL DIRECTION OF THE CYLINDERS

. 8ince the flow pattern could be changed by the gtart-
ing conditions, care had to te ex:rcised that the gtatic-
pressure distribution aloig trie axial direction was keot
the ' same for all the rvunsg ot auy given speed. Measurements
weore taken at seven axial stations At ti:e central oortion
of the eylinders. The distance between two adjoining sta~-
tions was 1/2 inch. These stations were numbered from 1
to 7, the number increesing toward the tottom of the cyl-
inders. The actual vositions of ti.ese statlions are marked
by the arrows in the static-pressure dimcrams, on the right

of the corresponding results.

- ——— ..

A tynical set of results, corresvonding to a rota-
tional speed of the inner cylinder equal to 1200 rpm will

be. analyzed in detail.

The mean-velocity distributions for this case are
shown in figure 9. It is seen that both tynes of flow
obtained in the vreliminary invesgtigations existed simul-
taneously for the same flow pattern dut at different axial
vositions. The mean-velocity distribution. gredually changes
from one type to the other. For instance, .at station 1 the
distribution is type B; at stations 2 and 3, it ig tyve A;
at -atation 4, it is an intermediate type, and it may bde
called 'Ap; at stations 5 and o, it is tyve Bj while at
.atation 7, the intermedimste stage is sgain obteained.

Pigure 10 was obtained by plotting one of the distri-
butione of type A, say at station 2, and one of tyne B,
say at station 6, on a semilogarithmic scale. It is seen
from these curves that, for flow of type A, the velocity

.
R TN EY - e
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distridution near the inner wall is logarithmic, that is,
the velocity defect ig proportional to the logarithm of
_the distance from the wall (reference 5); whereas, for
type B, the velocity distridbution near the outer wall is
logerithmic. If the typical velocity distridbutions obtained
in the preliminary investigations are vlotted in the saue
manner, §he results are similar. It has been shown by Dr.
von Karman (reference ¢) that for Jouette's flow the mean-
velocity distribution ie logarithmic if homologous turbu-
lence is assumed. It may be stated that, at the nlace
where the velocity dietribution is logerithmic, the trans-
fer of shearing stress from one cylinder to the other is
mainly due to turbulent fluctuationsg.

Since the gap is small in comparison with the radii of
both cylinders, as & first sporoximation, eguation (4)
gives . .

uv + Giv! = constent ' * (5)

At the place where the influerce of the secondary motion,
that ie, the term of UV, is nezligible, equation (5)
becomes . :

ufv? = constant ‘ (8)

The same condition ie valid for flow betwsen two parallel
plates moving with different velocities.

At the place where the irnfluence of turbulent ‘fluc-
‘tustions is small, equation (5) becomes

av = constant ' (ﬁ)

¥o attompt wae made to measure the radial velocity v of
‘the secondary motion. Some conclusione as to .the distri-
" bution of v along the axial direction can e drawn, how-
ever, from eguation (7) after the dietribution of u 1is
examined, that is, the deviation of the circumferential
velocity from the average tarern over tie axisl length.

First, take the average of the mean-veloclity curves
of the seven stations. This average mean-velocity dis-
tridution le plotted as a dotted curve for cowparison with
the curves of mean-velocity distribution of ‘figure 9. The
deviation uw from the average dletribution at various
'Azial ‘positione ie shovn 1n figure 11.
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"the gap, the slope of the velocity curve near the walls
mugt be very large. 1In all the velocity curves obtained,
thig result ig true.

The distributions of u'!, the circumferential turbu-
lent fluctuations, are shown in figure 13. It is interest-
ing to note thet the curvature of the distribution curves
for u and u' are opposite for any given axial poslition.

In order to find the influence of the speed of rota-
tion on the vortices, measurewents at a fixed axial vposi-
tion but with different rotetion speed were made. The
results are plotted in figure 14, At the low speed of 1200
rpm, the curve shown as diagram 1 of figure 14 was obtained.
It ghows essentially a flow of type A. The gpeed wag then
increased to 1500 and 1800 rpm. The rssults are given in
diagrams 2 and 3, respectively. The digtribution of the
static preéssure as well as the distribution of the mean
velocity are more or less similar to those of diagram 1.
Finally the speed was incremsed to 2100 rpm. The digtri-
butions of the statlc pressure and of the mean velocity
were suddenly changed, as shown in dimgram 4. The pressure
peak that existed in the three vreceding cmses at the mid-
point, whers the measurements were taken, digappeared, and
thus the mean-veloclty distrioution at tnis point became
of type B. When the eveed wag reduced to.1800 and 1500 rpnm,
diagrams 5 and 6 were obtained. Tley are similar to diagram
4, which shows that the new flow prttern, once establishead,
continned after a considerable reduction. of the =speed. Asg
the speed of rotation was reduced to 1200 rpm, however, the
original flow pattern returned, as shown in disgram 7.

At lower speed there seemed to be a certain stable
conflguration involving a definite gize and numbter of the
vortices. As the speed was lncreased, a critical value
wag reached at which the vortices increased in slze and
decreased in number., Since the vortices can exist only in
pairs, becaugse the total circulation must ve zero, » pair
of vortices must dlgapnear at a certesin critical speed as
the speed increases and reappear At sowme critical speed asg
the speed decreages. It geems tisrt tuese two critical
speeds are not identlcal. This mechesnism fvlly expleinsg
the pudden changes of the flow encountsred in the prelimi-
nary invegtigations. The effect of the position of the
spindles probably conslsts of the delaying of the change
in the number of vortices. When the spindles were situnated
in a purely turbulent domain, however, thelr influences
were elininated. Thisg result is consistent with the ex-
perimental results. . : : .
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log,0(T/p U®) ageinst log,o(Ut/v) for various values of
t/Ry, where T 1s the shearing stress on tle outer cyl-
inder, U = 2 m NR,, N 1s tne speed of rotation of the
cylinder, R, 1s the radius of the outer cylinder, and

t 1s the geap distance between the two cylinders. It 1s
correct to use the B-type velocity distribution for the
comparison with Taylor's results because, in thig case,
the velocity profile is logarithmic near the outer cyl-
inder wall. It ig found that the difference of the shear-
ing stress calculated from both wallsg is suall, the shear-
ing stress At the inner cylinder veing 2 little lmrger
than that at the outesr cylinder. Tuisg resuit ie to be
expected. Filgure 15 shows the coupnrrison of the reeults.
The full-line curve is Aan sverage curve ottnined from
Taylor's curves for t/R, = 0.0555 =and 0.0775. Hence,

it may be eteted that this curve corresvonds scoroximeately
to t/R, = 0.0666. This value comperes with the curve
obtained in the vresent investigatlion for t/R1 = 0.06485.
In addition, Taylor's carve for t/R; = 0.1146 4is com-
pared with the present resualt for t/21 = 0.1190. It 1e
seen that, for the large gap, the rcsvlt of the present
meagurements checks Taylor's curve very well; whereas,

for the small gapn, the present results are higher than
thoge obtained by Taylor. The geaersl teadency that the
coefficient of friction decreases with 1uscreasing value

of t/R1 ig found to be true.

CONCLUDING REMARKS

The turbulent flow between two coaxial cylinders 1is
accompanied by a peculiar tyve of secondary motion that
affects the transfer of momentum. The secondary flow can
be described by meeuming pairs of ring-skape vortices be-
tween the cylinders. The gize and the number of the vor-
tices depend on the speed of the inner rotating cylinder,
the number tending to decreage with increasing speed. At
certain critical sceeds the flow p~ttern may suddenly
change owing to the loss or the gain of » palr of vortices.
There exist in the gep certAir regcions where the velocity
distribution is governrned mainly by thisg secondsry flow asnd
other regions where the turbulert fluctu=tions Aare prede-
determinant. In the regions in which the fluactuations are
predeterninant, the velocity distribution is of the loge-
rithmie¢ type in agreement with tke theory of homologoue
turbulence. .

Californis Inetitute of Technolo.y,
Pagadena, Calif., October 1949.
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